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THE INTERACTION BETWEEN A PLANE INCLINED
RING-SHAPED PUNCH AND AN ELASTIC HALF-SPACETt
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Moscow
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Solutions of the problem of the action of an inclined ring punch on an elastic half-space are constructed using asymptotic methods
[1-3], with the usual assumptions that there are no friction forces in the contact region between the punch and the half-plane
and that the surface of the half-plane outside the contact area is not loaded. The solutions are obtained in the form of simple
formulae for large and small values of the dimensional parameter A, which represents the relative thickness of the ring. These
solutions overlap one another with a high degree of accuracy in a certain intermediate range of variation of A. © 1996 Elsevier
Science Ltd. All rights reserved.

This problem has been investigated previously by many researchers in a similar formulation. In particular,
we draw attention to the papers [4-6]. Here we obtain a comprehensive solution of the problem, enabling
a complete qualitative and quantitative analysis of the problem to be carried out.

1. According to the classical scheme (see, for example, [7]) the problem of a ring punch (see Fig. 1)
can be reduced to determining the contact pressures g(r, ¢) from the integral equation

j

(R=[r*+p* —2rpcos(d- )12, 8=G/(1-v), a<r<b, $&[0,2m)) (1.1)

r|: i(P‘V;;M =2n03(r,9)

o —

where a and b are the inner and outer radii of the ring region of the contact, 3(r, ¢) is the residue of
points of the surface of the elastic half-space in the contact region, and G and v are elasticity constants.
Further, using the integral [8, 6.511(1)] and relation {8, 8.531(1)]

Jo(uR) = Jy(ur)Jy(up)+2 i J . (ur)J, (up)cosm(dp— ) 12)

m=1
where J,,(x) are Bessel functions, we can reduce Eq. (1.1) to the form

b 2n o
[ [ g, W)lkg(r,p)+2 3 k, (r.p)cos m(¢ —y)lpdpdy = 2708(r,$) (1.3)
0

a m=1
where the kernels k,,(r, p) have the form
kn(r,p)= [ J,,(ur)J,, (up)du (14)
0

Using the integral [8, 6.512(1)] and one of the identical transformations of a hypergeometric series
[8, 9.134(3)], we will have

2m
kn,(r,p)=MF(m+l, m+l, 2m+1,e2) e=ﬂ (1.5)
22" 2m) !\ (r+p) 2 2 r+p

where (F(o, B, v, x) is the hypergeometric series. Finally, using the integral representation of a
hypergeometric series {8, 9.111}, we can rewrite (1.5) in the form

tPrikl. Mat. Mekh. Vol. 60, No. 1, pp. 132-139, 1996.

127



128 V. M. Aleksandrov

Fig. 1.

2m

j " A=ty B (= ety ™ Kdy (1.6)

kp(r.p) = o)
0

For any m the integral in (1.6) can be expressed by a linear combination of complete elliptic integrals
K{(e) and E(e). For example, for m = 0 and m = 1 we have, respectively

2 2
S BT

It is important to note that the kernels %,,(r, p) can again be represented by the integral

(2-e*)K(e)-2E(e)] .7

ko(r,p) =

k, (r.,p)= T] cos[sln ;)ds

sT(MG+is!2+mi 2T (Y, -is/2+m/2)

L = .
) s/ 2+ mI DT (Y —is 2+ mI2) (18)
where I'(2) is the gamma function. Here we have used the relation
o C+ieo -
J. ()] dt = — d
g m(®) m( p) > C.I,,,g(s)( J s
2(s)= T(s/2+m/2D)T(Y-5/24+m/2) (19)

2T =s/2+m/2)[(Vo+5/24+m/2)

obtained using the formulae for the direct and inverse Mellin transformation of a Bessel function [9].
We expand the functions g(p, y) and 8(r, ¢) in (1.3) in Fourier series

9P, V) =qp(p)+2 i. [9.(p)cosny + g, (p)sinny]

3(r,0) = 8o(r)+2 3 [5,(r)cosn +8, (r)sinno] (1.10)
n=1

Then, evaluating the integral over y in (1.6) and equating the coefficients of similar cosn¢ and sinne
terms on the right and left we obtain

b b -
[ q,(P)k, (r.p)pdp =08,(r), - | G (p)ki(r,p)pdp =88,(r) (n=0,1) (1.11)

and so on. For a plane inclined ring punch §y(r) = 8, 8,(r) = or, 8,(r) = Pr, all the remaining 3,(r) and
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3,(r) are equal to zero, and all the g,(r) and §,(r) will respectively be equal to zero for n = 2. Here &
is the translational displacement of the punch along the z axis, and o and J are its angles of rotation
with respect to the y and x axes.

Thus, the problem of a plane inclined ring punch has been reduced to solving integral equations (1.11).
To complete the formulation of the problem we need to add the conditions of equilibrium of the punch

b
0 =2n] go(p)pdp
, 2 , (1.12)
M, =Qe, =f G (p)p*dp, M, =Qe, =n| q,(p)p°dp

where ¢, and ¢, are the projections of the point of application of the impressing force Q onto the x and
y axes. Conditions (1.12) serve to determine the relationships between Q and §, e, and «, ¢, and f3.

2. We will first consider the case of a relatively narrow ring. We make the following change of variables
in the integral equations (1.11)

r=aexp[(1+x)/A], p=aexp[(1+&)/A), A=2[In(b/a)]" 2.1)

and introduce the following notation

% %=
_P ‘I|(P) P24, (P)

%
_ P%q(p)
Po(é) = 80%

My(t) = sch K [sch 3 ]( X é) 22)

w1 o) o]

where sch(x) is the hyperbolic secant. Equations (1.11) can then be rewritten in the form

.}. pn(ﬁ)Mn( g)d& nkexp[(z )“;”] (n=0,1) 23)

It is important to note that the kernels My(f) and M;(t) of Eqs (2.3) can be represented using
expressions (2.2) and expansions of the complete elliptic integrals for values of the argument close to
unity ([8, 8.113(3)] and [8.8.114(3)]), in the same form

Y ar¥ +lnld 3 bt* (2.4)
i=0 i=0
where the series converge absolutely when | ¢ | < ©t. Here for M(t) we have gy = 2.079, a; = -0.1091,
a, = 0.005352,by = -1,b; = 0.06250 and b, = —0.003581, and for M;(f) we have ag = 0.07944,a, = 0.2857,
a, = 0.004494, by =: -1, p; = -0.1875 and b, = 0.0009766. Hence, further consideration can lead to the

single equation
) + h‘ix gi ( ) :|d§ = xexp[_p'(l;-:. X)] (2.5)

where @(€) = po(€), & = 1/2 in the case of the first equation of (2.3) and (&) = py(§), p = 3/2 in the
case of the second equation of (2.3).
For sufficiently large values of the dimensionless parameter A (A > 2/r), i.e. for a relatively narrow

.}1 @(&)[i a.(x

i=0
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ring, the asymptotic solution of integral equation (2.5) can be constructed by the standard method
described, for example, in [3]. We will give the final formulae

O(x) = o (A, x) + A20, (A, x) + A '@, (A, x) + O(X°)

(Po()\:, x) = —‘JI—-;I—-——Z— {—i‘ - [Cono + 2C1Q1 + 3C2xQ1 + 4C3Q2 + 504xQ2 + 6C5Q3 ]}
- X

2P
oA x)= ‘/L—z— { ( )Ql - co[A()xQy + byxQ) 1+ Clbl(Ql Qz)—

n

1-x
. 2
—Cy ['2‘ A(%)XQO + —;—ble2]+ C3bl (% Ql - §Q3 )}

1 4P 25 3 (13 1 3 1 1
$00=7 {7[3 BB Jarna(3) 30 *392)]“

~Cp <% B(%)xQO + GB(%)xQ, + by xQ, +

+|:A(%)A(%) —b, ( )]xQo + b A(1)xQ, +— b, xQ2>
3 1 1
vo[35(2)ev2m (010 )rii( -2 v Lo

P =md(M)[O)]™! (2.6)

1 3 15 1 1 3 1 4
9(A) = C.1 +—2-C] +§C3 +-1'gcs —-4—;~f(cl +C3)A( ) 123 ClblA(2) FCIB(E)

2
1 1 3 9 7
= —— —_— -— —— Bl —
Ok =In2A+ag +7 A(1) 4)‘4[/4(2)] +o3 (6)
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i =A+p+—

3 4 5 6 4 s 6
wopt @t ptoow o
=+ + , €= + +
2T TR T 120 T36n T 240 T 2408 T agn
woooopt __w

Cs =

= + ,
“=T200* T 12003 72003
1, 1

1 1 1 1
Qo=—1, Ql=—x2+5, Q2=—-x4+—2—x2+§' Q3=—x6+5x4+§x +-l—6'

A(Y)=0a,+Yb,—bIn2A, B(Y)=a, +Yb, —b, In2A
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Further, from (1.12) we obtain the forces acting on the punch

£ _2r ., (—E){P[l+-l—+ SER S S 2 S
o5 A P 20 1602 967 30720% 102400

L A(3(1+1)+nc<1+—1-+ > + 7 + L +
BEYIY 2 O\4n " 82T T 1287°  7680% 4096\

1 (5 11 1 4 173 (5) (23)
— A2 1+ —+— |+ ——=A| = |+—| =B = |+=>b +
MTE A(4)(1+2x+87~2)+12815 (3}'27&[2 4) 8 "\18

+-1-A(—1-)A(i)] +1tc( 1 + 1 + 7 b ) nc[ 3
27 2)\4 3227 " 6427 153627 967 2 1ex

3 1 3 4 1 5 1
: 4 of & 27
a2 32N T 16K A(s)]““‘ 2 (xﬁ )} 27)

M, M, g 6 327 45 945 5103
o bl IexP(_I){P[l+K+ 1612 T 3200 " 10040 | 102405
_% A(%)(l * 231 )]+"C°<43x +'§i_2+ 1;3:3 * 2;2:‘ * 2&53)5? *
Gl a0 R
’% A(%)A(%)]>+ m‘(32973 * 612113 * 5123:‘ - 3321;“ )H‘ 2[12;‘
? 3212 * 3213 ¥ 169k3 AG)]”C’ 329)3 * e 315x (;" )} 28)

3. We will now consider the case of small values of the parameter A, i.e. the case of a relatively wide
ring. Here the main term of the asymptotic form of the solution of integral equations (1.11) for small
A must be constructed from solutions of the boundary-layer type, which describe the rapid variability
of the contact pressure in the neighbourhood of the contours r = g and r = b, and the penetrating
(degenerate) solution, which holds far from the contours r = @ and r = b. This construction can have
the multiplicative from (3, 5].

_ 4683 a a o _

LN e [J a") o5 -

q(ry _g(r) 86r a [ a? ] a M M 8
= = 1-—5 [+arccos— | y My _° (3.2)

o B mp_2|JP-a r? r| oo 6B 3

or the additive from [3, 5]
a0() = 203 l__l_m_ccoslﬂ»:z—2112 206 | 1+e
° Ttgbz-—r2 n 1-¢? 2V -a?  1-
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£=4(£arccos£+l 1-€21In 1+€) 33)
0bd T n 1-

- 2 52
@) _ ) _ 46r 1--larccos-—-——'—1 t€ 2211 +
o B afpr-20 I-¢

40r 1+e b*[1-€2_ l1+¢
+ In +— In—-¢
wyri—a?| 1-€ r 2 1-¢

M, M 82 1 (—— I+¢
Yy X €—— 1- +—(5+¢ 1- 1 ] 3.4
Gb‘a 9b3ﬂ 3 l: arccos 2n € 41n ( * ) € n -€ ( )

In (3.3) and (3.4) we have introduced the notation € = a/b and | = a/r, and the expressions for O,
M, and M, were obtained from (1.12).

If the mclmatlon of the punch is due to the fact that the applied force Q is off-centre, as shown in
Fig. 1, and it has no initial inclination, then, from (2.6) and (2.7) or (3.1) and (3.2) or (3.3) and (3.4)
we can formulate the condition for the foot of the punch not to lose contact with the base. For example,
using (3.1) and (3.2) with B = 0, M, = 0.and §,(r) = 0 we obtain

-l

2

+ arccos GJ[ e 82 ) + 3arccos sil 3.5)
I-¢

€
eSb[m

where e is the eccentricity of the application of the force Q (its distance from the axis of symmetry of
the punch).

4. We will describe in more detail one more method of constructing the asymptotic solution of the
problem for small A, which was mentioned in [4].

We will start from the integral equations (2.3). Note that the kernels M,,(t) (m = 0, 1) of these
equations can be written, by virtue of (1.8), in the form

< L(s)

M, ()= I cos stds 4.1)

If we further represent the meromorphic function L,,(s) in the form of the principal values [10], we
can obtain the following expansion for the kernels

Qn-1+2m)1'2n -1 ) 42
M, ()= nnzo Grne2mliam! ex| p|: (2n+m+2 Itl] 4.2)

We will first consider the first equation of (2.3). It can be shown that the sum of the functions
Gi[(1 + x)/A] and §,[1 - x)/A], which yields a solution of the system of integral equations

jg,(”é)Mo(" E)dg jcz( ) ( é)dg (~1< x <) (43)

S e R o Co e

will also be a solution of the first equation of (2.3), i.e.
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Po(x)= §|(1+x) Cz(l_Tx) 4.9

Hence, the problem reduces to finding the asymptotic solution for small A of the system of equations
4.2).
By obvious changes of the variables we can convert Eqgs (4.3) to the form

T Li(OMy(t-1)dt = T Cz(T)Mo(t+T-z)d’t (0<t< )
0 W A

) (4.5)
[ Co(OMy(t - Tydr = me e + | CI(T)MO(t +1- %)d‘t, (0 <t<e)
0 2/A

From the meaning of the problem {;(f) ~ e™, x > 0 as t — . Hence, the integral on the right-hand
side of the second equation of (4.5) for small A is exponentially small and, in the zeroth (main)
approximation, it can be neglected compared with the first term on the right-hand side. Then, to
determine {,(f) we have a Wiener—Hopf integral equation [11], where the function L(s) of the form
(1.8) is easily factorized. As a result we have [4]

L, (1) =2m e e 2 (1 - g2y % (4.6)

Substituting (4.6) into the first equation of (4.5) and evaluating the integral on the right-hand side
using expansion (4.2) we again arrive at a Wiener—Hopf equation in the function ;(r)

2
20 @n-=-DU1E 1 _2nel)
jC,(t)Mo(t T)dt=¢ 2‘, [———(2n)" ] _n+1e' % 0 <t<o) 4.7
Its solution has the form [4]
v 2 32 25 (2n-1DN F( 1 -2:)
== 1~ Ll A7 AL ~1-
50 1t2e e ) %‘,0 a0 n,l,2,1 e (4.8)

Hence, the principal term of the asymptotic form of the solution of the first integral equation of (2.3)
for small A is given by (4.4), (4.6) and (4.8).
From the first formula of (1.12) we obtain

2 ot [
% =5 e 2§ po(s‘,)e('+§)’2)‘d§=4|: 1-¢? +%£2 arccose +

ei-gl 3 2n-Dit F(n+1,1,-;—,1—82)} (4.9)

n=1 (n+1)(2n)!!

Here we have used the relation [12]
fa-x) x'%F(—n, 1,%,;:) =215 (1- 0 F(—n + l,l,%,x) (4.10)

In exactly the same way we can construct, for small A, the principal term of the asymptotic form of
the second integral equation of (2.3)

pi(x)= cl(“") Cz('l—;—x), Ga(t) = dnleVheS2 (1 _ g2y K
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_ A sz oun-boe _(@2n-DY (_ WL -2:)
C;(t)—nze -y (n+2)(2n)!!F mhyiTe

M, [\Il—e +—e241- +—e arccose + (4.11)

eb o 6b3[3 3

£Vl Z (2n—1) F(—n+1,1,%,1—£2)}

n=1 (n+2)2m!!

In oonclus10n we will give some numerical results from the quantitiesg, = Q/(6b8) and g, = M,/(szcc)
= M,/(6b°p), obtained from the formulae derived in this paper

A n 1 2 4 3
&127 3.99 3.97 3.86 3.63
213.1 4.00 4,00 4.00

2133 400 4.00 3.96

£1(4.9) 4.00 4,00 3.96

22(2.8) 264 264 253
8,032 267 267 267 267

2,39 2.67 267 2.66 263

ga(4.11) 267 2,67 2.66 2.64

It can be seen that the asymptotic solutions for large and small A of the first equation of (1.11) join

up when A e [1, 2], while the second and third equations of (1.11) join up when A € [2, 4].
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